LECTURE   XL :   THE   MOST   RECENT   RESEARCHES IN  NON-EUCLIDEAN  GEOMETRY.
(September 8, 1893.)
MY remarks to-day will be confined to the progress of non-Euclidean geometry during the last few years. Before reporting on these latest developments, however, I must briefly summarize what may be regarded as the general state of opinion among mathematicians in this field. There are three points of view from which non-Euclidean geometry has been considered.
(1)  First we have the point of view of elementary geometry, of which Lobachevsky and Bolyai themselves are representatives. Both begin with simple geometrical constructions, proceeding just like Euclid, except that they substitute another axiom for the axiom of parallels.    Thus they build up a system of non-Euclidean geometry in which the length of the line is infinite, and the "measure of curvature" (to anticipate a term not used by them) is negative.     It is, of course, possible by a similar process to obtain the geometry with  a  positive  measure  of curvature, first suggested by Riemann ;   it is  only necessary to formulate the axioms so as to make the length of a line  ; finite, whereby the existence of parallels is made impossible.   ^
(2)  From the point of view of projective geometry, we begin by establishing the system of projective geometry in the sense of  von   Staudt,   introducing  projective   co-ordinates,   so   that straight lines and planes are given by linear equations.    Cay-
85the Kummer surface; this is a manifoldness of three dimensions and the 24th order in an 57; see Gottinger Nachrichten for 1889, and Wiener Monatshefte, 1890. Though apparently rather complicated, this manifoldness has some very elegant properties ; thus it is transformed into itself by 64 collineations and 64 reciprocations. Next, in Vol. 40 (1892), of the Math. Annalen* Wirtinger has discussed the Abelian functions on the assumption that only
